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DISTRIBUTED 

Ren s s e l a e r  

A b s t r a c t  

PARAMETER TYPE of CONTROL f o r  a BILINEAR SYSTEM 

BY C . N .  Shen and T.C.  L i u  

P o l y t e c h n i c  I n s t i t u t e ,  Troy, N e w  York, U . S . A .  

A b i l i n e a r  sys tem i s  one t h a t  i s  l i n e a r  i n  t h e  s t a t e  v e c t o r  

X ( z , t )  and a l s o  i n  t h e  c o n t r o l  v e c t o r  p ( z , t ) .  

f e r e n t i a l  e q u a t i o n s  for a b i l i n e a r  sys tem has the  c r o s s  p roduc t  

t e rm p , ( z , t ) X l ( z , t )  under a s p a t i a l  o p e r a t o r .  

The f o l l o w i n g  d i f -  

w i t h  boundary c o n d i t i o n s ,  

X l ( 0 , t )  = X l ( 1 , t )  = X n ( 0 , t )  = X 2 ( l , t )  = 0 ( 3 )  

By t h e  s e p a r a t i o n  o f  v a r i a b l e s  t h e  r e f e r e n c e  c o n t r o l  i s  assumed i n -  

dependent  of  z f o r  the  r e f e r e n c e  s o l u t i o n s .  The problem requi res  

t h a t  t he  s t a t e  v a r i a b l e s  s t a r t  a t  a low l e v e l  and r e a c h  a high l e v e l  

i n  a minimum t i m e .  It i s  wel l  known from t h e  optimum t h e o r y  t h a t  

f o r  a bounded c o n t r o l  the  optimum p r o c e s s  r e q u i r e s  t h e  c o n t r o l  ope r -  

a t i n g  a t  i t s  extreme v a l u e s .  However, one of  t h e  o u t p u t  of  t h i s  

sys t em i s  found to be d i s c o n t i n u o u s  due t o  t he  jump of the  c o n t r o l .  

A second o p t i m i z a t i o n  i s  necessa ry  s i n c e  d i s c o n t i n u o u s  o u t p u t  i s  i n -  

compatable  w i t h  a r e a l  p h y s i c a l  system, and d i s t u r b a n c e s  a r e  to be  



compensated for t he  sys tem.  The p e r t u r b e d  e q u a t i o n s  w i t h  t h e  ex- 

p o n e n t i a l  we igh t ing  f u n c t i o n  can be d e r i v e d .  

The second o p t i m i z a t i o n  minimizes a double  i n t e g r a l  w i t h  

squa re  e r r o s  as  i n t e g r a n d  from the p r e s e n t  t i m e  t to a f i n a l  t ime 

T2 and  o v e r  a l l  t h e  r e g i o n  i n t e r e s t e d .  By a p p l i c a t i o n  of c a l c u l u s  

of v a r i a t i o n s  t h e  Euler-Lagrange e q u a t i o n s  and p rope r  boundary 

c o n d i t i o n s  a r e  o b t a i n e d .  These Euler-Lagrange equa t ions  w i t h  t h e  

o r i g i n a l  p e r t u r b e d  e q u a t i o n s  can be so lved  by u s i n g  E ' i n i t e  F o u r i e r  

S i n e  Transform.  The optimum c o n t r o l  laws, b o t h  s p a t i a l  and t i m e  

va ry ing ,  can be o b t a i n e d  i n  c l o s e d  form.  I f  h i g h  harmonic d i s t u r b -  

a n c e s  a r e  i n t r o d u c e d  i n  t h e  system, t h e y  w i l l  be  subdued by t h i s  

c o n t r o l .  Thus t h e  o u t p u t  w i l l  f o l low c l o s e l y  t h e  r e f e r e n c e  s o l u -  

t i o n  for a r b i t r a r y  d e v i a t i o n  a t  any t i m e  i n c l u d i n g  t h a t  of t h e  

i n i t i a l  c o n d i t i o n s .  i 
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I n t r o d u c t i o n  

B i l i n e a r  S stem occ rs i n  c . t r o l l i n g  p h y s i c a l  p r o c e s s e s  

such  as a n u c l e a r  r e a c t o r .  Seve ra l  pape r s  d i s c u s s e d  t h e  

optimum c o n t r o l  for t h e s e  p rocesses  i n  lumped parameter  models.  

I n  t h i s  pape r  the  optimum c o n t r o l  laws a r e  determined a n a f y t i -  

c a l l y  for a b i l i n e a r  system i n  d i s t r i b u t e d  parameter  model. 

P rocess  Dynamics 

A b i l i n e a r  system i s  one that i s  l i n e a r  i n  t h e  s t a t e  v e c t o r  

X ( z , t )  and a l s o  i n  the  c o n t r o l  v e c t o r  p ( z , t ) .  

a r e  cross product  terms o f  t h e  s t a t e  and c o n t r o l  v a r i a b l e s  such 

a s  p ( z , t )  X ( z , t ) .  T h i s  system i s  o v e r a l l  l i n e a r  i f  t he  c o n t r o l  

v e c t o r  i s  an e x p l i c i t  f u n c t i o n  o f  independent  v a r i a b l e s .  The 

f o l l o w i n g  p a r t i a l  d i f f e r e n t i a l  equa t ions  has  t he  c r o s s  product  

t e r m  p ( z , t ) X , ( z , t )  under  a s p a t i a l  o p e r a t o r .  

However, t h e r e  
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( 2 )  
a 

7+2 (z,t 1 = a21& + a22X2 

w i t h  the  boundary c o n d i t i o n s  

X l ( 0 , t )  = X l ( 1 , t )  = X Z ( 0 , t )  = X,( l , t )  = 0 ( 3 )  

where b and a ' s  a r e  c o n s t a n t s .  These e q u a t i o n s  w i t h  the boundary 

c o n d i t i o n s  can be used a s  a model for a n u c l e a r  r e a c t o r  where XI 

r e p r e s e n t s  t h e  n e u t r o n  flux, X2 the p r e c u s s o r  and p t h e  a b s o r p t i o n  

c r o s s - s e c t i o n .  The problem i s  t o  s t a r t  the r e a c t o r  a t  very  low 

power ( n e u t r o n  f l u x )  t o  a very  high power (perhaps  6 decades )  i n  

minimum time ( say  60 seconds)  s u b j e c t  to d i s t u r b a n c e  and a r b i t r a r y  

s t a r t i n g  condition:; .  

The F i r s t  Op t imiza t ion  Problem--Reference Variables 

S ince  t h e  d i s t r i b u t i o n  i n  space for b o t h  s t a t e  v a r i a b l e s  XI 

and X2 must s a t i s f y  t h e  boundary c o n d i t i o n s  ( 3 ) ,  the  fundamental  

f requency  o f  t h e  s p a t i a l  mode of v a r i a b l e s  X1 and X2 can be 

assumed a s  s i n u s o i d a l  i n  z. 

~,(z,t) = y n ( t ) s i n m  n = 1 ,2  (4 ) 

The c o n t r o l  v a r i a b l e  p(z,t) i n  t h i s  c a s e  i s  found l a t e r  t o  

be a f u n c t i o n  o f  t ime o n l y .  Thus, 



. 

S u b s t i t u t i n g  t h e  above equa t ions  i n t o  Equat ions  (1) and (2), 

one o b t a i n s :  

where 
a21 a12 

( l+brC-)p (t) - a l l  R 
Y ( t )  = + a22 

If t h e  c o n t r o l  v a r i a b l e  k R ( t )  i s  bounded for some reason,  

I-Lmin\< P,( t ) , .  / PmaxJ t h e  va lue  o f  y ( t )  w i l l  be a l s o  bounded, 

0 < y ( t )  < y .  

Xl to s t a r t  a t  a low l e v e l  and reach  a h igh  l e v e l  i n  a minimum 

t i m e  can  be so lved  from Equat ion ( 7 ) .  

optimum t h e o r y  t h a t  for a bounded c o n t r o l  t h e  optimum process  re- 

q u i r e s  t he  c o n t r o l  o p e r a t i n g  a t  its extreme va lue ,  

) .  O r  I-lmax zero ( e q u i v a l e n t  to vmin 
c o n t r o l  system. Therefore ,  Equat ion ( 4 )  can be e x p l i c i t l y  w r i t t e n  

f o r  t h e  i n t e r v a l  O \ < t i . T I ,  

Thus,  t h e  o p t i m i z a t i o n  problem for t he  s t a t e  Var i ab le  

It i s  we l l  known from t h e  

% . e .  a t  Y Or 

T h i s  i s  a bang-bang type  of 

a Y t  
e s i n  TZ n = 1 , 2  no x n R ( z > t )  = (9) 

and for t h e  i n t e r v a l  T1< t <  T2 

n= 1,2 
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where Yno a r e  c o n s t a n t s ;  s u p e r s c r i p t s  a and b 

i n t e r v a l  (0, T I )  and (TI,  T 2 ) ,  r e s p e c t i v e l y .  

r e f e r  to t h e  t i m e  

Both Equat ions  (9 )  and (10)  s a t i s f y  Equat ions (1) and ( 2 )  
b b b u t  have t h e  r a t i o s  of Yfo to Y,", and Y l 0  to Y 2 0  d i f f e r e n t  from 

each  o t h e r  a s  g iven  by Equat ion ( 6 ) .  

d i c a t e  the f a c t  t h a t  i f  a c o n t i n u i t y  o f  X2 i s  r e q u i r e d ,  i . e .  

These d i f f e r e n t  r a t i o s  i n -  

R 
a t  t*I, t h e n  XIR w i l l  s u f f e r  a jump a t  t = T1, i . e .  a b 

b 
Y:o # Ylo 

y20 = y20 

when c o n t r o l  changes f r o m  y to zero  a t  t = T1. 

P e r t u r b a t i o n  Equat ions  of the B i l i n e a r  System 

Due to t he  p r e s e n t  of d i s t u r b a n c e s  and errors t h e  s t a t e  and 

c o n t r o l  v a r i a b l e s  w i l l  cause some d e v i a t i o n s  about  t h e  r e f e r e n c e .  

The a c t u r a l  v a r i a b l e s  can be expressed by t h e  sum o f  t he  r e f e r -  

ence and t h e i r  d e r i v a t i o n s .  Thus, t h e  s t a t e  v a r i a b l e s  w i l l  n o t  

be s i n u s o i d a l  and t h e  c o n t r o l  v a r i a b l e s  not be a f u n c t i o n  of t ime 

on ly .  If t h e s e  d e v i a t i o n s  from t hose  unexpected d i s t r u b a n c e s  and 

e r r o r s  a re  s m a l l  i n  comparison wi th  t h e  r e f e r e n c e  v a l u e s ,  t h e  c r o s s  

p roduc t  terms o f  t h e  d e v i a t i o n s  may be n e g l e c t e d .  The p e r t u r b e d  

e q u a t i o n  w i t h  e x p o n e n t i a l  weight ing f u n c t i o n  can be d e r i v e d  f o r  

the i n t e r v a l  O<t ,<T1 as 

where 



and a 1 
u ( z , t )  = ( J t ) ] 

Equat ion (15) can be i n v e r t e d  by us ing  Green ' s  f u n c t i o n ,  i f  t h e  

q u a n t i t y  u a ( z , t )  i s  determined.  3 

It i s  no ted  t h a t  t h e  e x p o n e n t i a l  weight ing f u n c t i o n  eyt i s  i n t r o -  

duced i n  Equat ion  (13).  The s t a t e  v a r i a b l e  XnR of this system i s  

e x p o n e n t i a l  i n  t i m e ,  a s  shown i n  Equat ion ( g ) ,  so i s  AX f o r  t h e  

same pe rcen tage  of e r r o r .  

g i v e  more uniform d i s t r i b u t i o n  of  e r ro r s  a t  f i n a l  t i m e  as we l l  as 

a t  i n i t i a l  t i m e  i f  t h e  percentage  o f  e r r o r  i s  kep t  t he  same. 

ove r ,  t he  weight ing  f u n c t i o n  w i l l  e n l a r g e  t h e  a p p l i c a b l e  range of 

t h e  p e r t u r b e d  e q u a t i o n s .  The pe r tu rbed  e q u a t i o n  for the  i n t e r v a l  

Tl,(t,(T2 a r e  s imi l a r  to t h e  Equat ions (11) and (12), o b t a i n e d  by 

changing t h e  s u p e r s c r i p t  from a t o  b y  s e t t i n g  the  q u a n t i t y  y equa l  

to ze ro  and a l s o  l e t t i n g  

n 
The exponen t i a l  weight ing  f u n c t i o n  w i l l  

I 

More 

b Axn x n ( z , t )  = - 
Y:oeYT1 

n = l ,  2 (17) 
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The C o n t r o l  System--Second Opt imiza t ion  

If t h e  system s t a r t s  a t  t he  r i g h t  I n i t i a l  c o n d i t i o n s  with no 

d i s t u r b a n c e s  t h e n  the  c o n t r o l  i s  e x a c t l y  t he  same as t h a t  o f  t he  

r e f e r e n c e .  

system a r e  d e s c i r b e d  by Equa t ions  

a b l e  K ( z , t )  d i f f e r  from the  r e f e r e n c e  +.+ by a n  amount of A b ( z , t )  

due t o  t h e  d e v i a t i o n  of s t a t e  v a r i a b l e s .  

(18), t h e  q u a n t i t y  Aw(z,t) can be de te rmined  i f  u ( z , t )  i s  known 

f o r  e a c h  t i m e  i n t e r v a l .  The problem now t u r n s  t o  f i n d  t h e  s o l u -  

t i o n s  of u ( z , t )  s u b j e c t e d  t o  any a r b i t r a r y  i n i t i a l  c o n d i t i o n s  o f  

x l ( z , t )  and x 2 ( z , t ) .  

Under these c o n d i t i o n s  t h e  s t a t e  v a r i a b l e s  of the 

( 9 )  and (10) .  The c o n t r o l  v a r i -  

From Equa t ions  (16) and 

The c o n t r o l  s y s t e m  r e q u i r e s  t h e  a c t u r a l  v a r i a b l e s  to f o l l o w  

t h e  r e f e r e n c e  v a r i a b l e s  as  c l o s e  as p o s s i b l e .  Thus, under  t he  

i d e a l  c o n d i t i o n s  t h o s e  q u a n t i t i e s  x l ( z , t ) ,  X 2 ( Z J t )  and u ( z J t )  are  

i d e n t i c a l l y  z e r o .  A cost f u n c t i o n a l  t o  be minimized i s  chosen as 

where p l J  p2, and p3 a r e  we igh t ing  f u n c t i o n s .  The p r e s e n t  t i m e  t 

i s  used  a s  lower l i m i t  i n  Equat ion  (19) .  T h i s  i s  t o  minimize the  

i n t e g r a l  f rom the  t i m e  to go f o r  t h e  f u t u r e  unde r  any a r b i t r a r y  

p r e s e n t  c o n d i t i o n s ,  acco rd ing  t o  the  p r i n c i p l e  of Dynamic Program- 
4 

i n g .  If one of t h e  v a l u e s  o f  x ( z , t )  i s  measurable  a t  p r e s e n t  

t ime,  t he  c o n t r o l  u ( z , t )  o r  A p ( z , t )  can  be de termined  i n  te rms  o f  
n 



the measured values. This implies that a feedback loop is intro- 

duced for this system. The functional e(t) will also be kept at 

a minimum for disturbances at any other time. As soon as one of 

the output deviation can be detected the source of disturbances 

will be nullified by readjusting the c o n t r o l  element to produce 

@(z,t), in turn, to subdue the output deviation from the 

reference. 

Euler-Lagrange Equations 

The method of calculus of variations is employed for minimiz- 

ing the cost functional e(t) subjected to constraints given in 

Equations (11) and (12). A modified cost functional J including 

terms of constraints is constructed for the interval O<t<Tl 

Ya A O a  a 
t o  

where A ' s  are Lagi-ange multipliers. Integrsting by parts and cc1- 

lecting various terms for similar variables the first variation of 
536 cost functional J is obtained. 
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+ (T .  C . )  

where 

Thus, t h e  fo l lowing  Euler-Lagrange equa t ion  i s  o b t a i n e d  by vanish-  

i n g  t h e  i n t e g r a n d  o f  t he  double  i n t e g r a l  f o r  O,(o,<T1 

a 
2p3ua - h l  = 0 

S i m i l a r  e q u a t i o n s  can be ob ta ined  f o r  i n t e r v a l  T1,<o<T2 by chang- 

i n g  s u p e r s c r i p t  from a t o  b and s e t t i n g  y equa l  to z e r o .  

T r a n s v e r s a l i t y  and Boundary Condit ions 

I n  o r d e r  t h a t  t he  f i r s t  v a r i a t i o n  o f  f u n c t i o n a l  J vanishes  

t h e  t r a n s v e r s a l i t y  c o n d i t i o n s  by Equat ion ( 2 2 )  have t o  be a l s o  ze ro .  

T h i s  i s  s u f f i c i e n t  i f  t h e  i n t e g r a n d s  of each o f  t h e  i n t e g r a l s  i n  



Equat ion  ( 2 2 )  a r e  ze ro .  

one o b t a i n s  

For  t h e  f i r s t  i n t e g r a l  i n  Equat ion ( 2 2 )  

z=1 z=o (24)  z=1 z=o 

The f i x e d  boundary c o n d i t i o n s  i n  Equation ( 3 )  imply no v a r i a t i o n  

a t  t h e  boundary p o i n t s ,  i . e .  8x:l =6x:1 =O 
z=1 z=o 

Thus, Equat ion  ( 2 4 )  i s  s impl i ed  a s  

z =1 z=o 

1 The a b o v e  equa t ion  can be s a t i s f i e d  i f  

S i m i l a r l y ,  one o b t a i n s  t h e  fo l lowing  equa t ion  f r o m  t h e  second 

i n t e g r a l  o f  Equat ion  (23 )  
1 

From t h e  t h i r d  i n t e g r a l  one can w r i t e  a s  

I S i n c e  t h e  v a r i a b l e  x2 i s  known a t  p r e s e n t  t ime,  v a r i a t i o n  o f  t h i s  

q u a n t i t y  i s  ze ro  a t  a=t i n  t h e  i n t e r v a l  t,(o,<T1. Thus 
I 

6 X Z /  = 0 
o=t 

1 Imposing t h e  n a t u r a l  boundary cond i t ion  a t  t h e  f i n a l  p o i n t  g i v e s  



q = 0 

Equat ion ( 2 8 )  now reduced to 

-h26X2 = 0 (30) b l  
o=T1 o=T1 

NOW c o n s i d e r  t h e  c o s t  f u n c t i o n a l  J i n  Equat ion ( 2 0 )  w i t h  t=T1. 

Under any known s t a r t i n g  c o n d i t i o n s  t h e  v a r i a t i o n  becomes 

b 6x21 = 0 
a=t  (TI , (  t , t u  4 T 2  i n  r eg ion  b )  
t=T1  

I f  t h e  s t a t e  v a r i a b l e  X 2  i s  cont inuous a t  T1 then  

x q  = x2 b 

O=T1 

which i m p l i e s  

Usin,?  t h e  optimum c o n t r o l  t h e  f u t u r e  v a r i a b l e  x2(a)  a 

lem w i l l  be expressed  i n  terms of x 2 ( t )  a t h e  p r e s e n t  v a r i a b l e  i n  

t h e  i n t e r v a l  t,<o<T1. 

a b l e  xz(a-T1) can be de te rmined .  

i s  

i n  t h i s  prob-  

For any given va lue  o f  x z ( t )  t h e  f u t u r e  v a r i -  

Thus o n e  o f  t h e  boundary c o n d i t i o n s  
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Equa t ions  (26), (27), ( 2 9 a ) ,  and (29b)  a r e  t h e  t r a n s v e r s a i i t y  

c o n d i t i o n s .  

t u r b e d  e q u a t i o n s ,  i t  i s  found t h a t  f o r  unique s o l u t i o n  of  t h i s  sys-  

tem one more boundary c o n d i t i o n  i s  needed. 

a r b i t r a r i l y  chosen by imposing a reasonable  r e s t r i c t i o n  on t h e  sys -  

tem. A r easonab le  c o n d i t i o n  i s  t h a t  cont inuous  s t a t e  v a r i a b l e s  o f  

t h e  system a r e  r e q u i r e d .  

By examining t h e  Euler-Lagrange equa t ion  and t h e  p e r -  

T h i s  c o n d i t i o n  can be 

T h i s  i s  e q u i v a l e n t  to ( s e e  Appendix A )  

I If t h e  we igh t ing  f u n c t i o n s ,  p ' s ,  a r e  p o s i t i v e  i n  t h e  i n t e g r a l  ( t , T 2 )  

f u n c t i o n  J w i l l  have a minimum provided t h e  c o n d i t i o n  6J=O i s  

s a t i s f i e d .  

I The F i n i t e  F o u r i e r  S i n e  Transform 

I n  o r d e r  to determine t h e  optimum c o n t r o l  law, i t  i s  necessa ry  

to s o l v e  t he  e q u a t i o n s  of a u x i l i a r y  v a r i a b l e s ,  

t h e  e q u a t i o n s  of  s t a t e  v a r i a b l e s ,  Equat ions  (11) and ( 1 2 ) .  These 

e q u a t i o n s  can be t ransformed t o  a s imple  f o r m  by u s i n g  t h e  F i n i t e  

F o u r i e r  S i n e  Transform.7 L e t  us  d e f i n e  

x k (a)  = 1 l k  x . ( z , a ) s i n  nrzdz  

Equat ion (23), and 

J j n  0 

1 I 
Ajn(a)  k = A;(z,o)sin nrzdz  

0 
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and  u k ( ( 7 )  = u k ( z , o )  s i n  n m d z ,  k=a,b;  j=1 ,2 ;  and  n=1,2 , . . .  
n 

Applying t h e  above t r ans fo rma t ion  t o  Equat ions  (ll), (12 ) , and 

( 2 3 )  w i t h  t h e  cor responding  boundary c o n d i t i o n s  g iven  i n  Equat ion 

( 3 )  and  t r a n s v e r s a l i t y  c o n d i t i o n s  from Equat ions  ( 2 6 )  and ( 2 7 ) ,  

one o b t a i n s  

a a  a a  
- A n X l n  + Alx2, - U” = 0 n 
a 

axen = ( Y - a 2 2 ) X l n  a - ( Y - a 2 2 ) X Z n  a ao 

( 3 5 4  

a a 
2P3Un - hln  = 0 ( 3 5 4  

where 

S i n c e  t h e  we igh t ing  f u n c t i o n s ,  pl, p2, and p 3  a re  c o n s t a n t s ,  

Equat ion  (35) c o n s i s t s  o f  t h r e e  l i n e a r  a l g e b r a i c  equa t ion  and 

two f i r s t  o r d e r  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  w i t h  c o n s t a n t  

c o e f f i c i e n t s .  S i m i l a r l y ,  equa t ions  for i n t e r v a l  T , , < ~ \ < T ~  a re  

o b t a i n e d  by changing s u p e r s c r i p t  from a to b and  s e t t i n g  y 

equal t o  z e r o .  

The Optimum Con t ro l  Law 

S o l v i n g  the  above e q u a t i o n s ,  one o b t a i n s  t h e  optimum c o n t r o l  
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By t h e  i n v e r s i o n  

t h e  optimum c o n t r o l  laws 

law i n  t r ans fo rm form f o r  each  t ime i n t e r v a l .  

of t h e  F i n i t e  F o u r i e r  S i n e  Transform7 

a r e  found i n  Appendix B as  

OD 

u a ( z , t )  = 2 1 u z ( t )  s i n  n r z  

u b ( z , t )  = 2 m b  1 u n ( t )  s i n  n r z  

O < t  <TI 
n= 1 

n= 1 
where 

IC (t) = l k  x l ( z , t ) s i n  nrzdz  k = a , b  
0 

xln 

- (bn2*+1)-all b 
An - wmax 



a A: @,=a’  
An 

b b 
an = P3(An)* 

b Ab B, = -A b 
An 
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(43) 

(44) 

2 1 for T2-T1260 s e e .  i . e .  t anhn(T2-T1)  b !% 1 

(45 

(46 1 

n = l ;  $ = O , n # l  Y 
$I = -  

n 2’ n 

The b l o c k  diagram for implementing t h e  optimum c o n t r o l  law a r e  

shown i n  F i g u r e  1. The numer ica l  v a l u e s  f r o m  t h e  above equa t ions  

have a l s o  been computed for t h e  optimum c o n t r o l  of r e a c t i v i t y  dur- 

i n g  n u c l e a r  r o c k e t  s t a r t - u p .  However, i t  i s  n o t  given h e r e  due to 

t h e  l i m i t e d  l e n g t h  of t h e  pape r .  

Optimum Responses o f  t h e  S t a t e  V a r i a b l e s  

By knowing t h e  optimum c o n t r o l  law, t h e  responses  of  x l ( z , t )  

and x 2 ( z , t )  can be o b t a i n e d  f rom t h e  p e r t u r b e d  

7 Of i t s  F i n i t e  F o u r i e r  S i n e  Transforms: 

equa t ions  i n  

0 k x. ( z , t )  = 2 1 xk (t) s i n  nTz; k=a,b and n=1,2 , .  . . 
J n = l  j n  

terms 

(47) 

The f o l l o w i n g  e q u a t i o n s  a r e  t h e  r e sponses  o f  x l n ( t )  and ~ 2 n ( t )  

for t h e  i n t e r v a l  O <  t <  T1 ob ta ined  f r o m  Equat ions  (35) and (38):  



where 

ct +rl+-lJ 
Hn n 

S i m i l a r l y ,  t h e  response  for t h e  i n t e r v a l  T1,< t, < T2 a r e  

n = 1, 2 ,  . .  b b x i n ( t )  = h ( t ) x 2 n ( t ) ,  

b b 
d t  - dx2 n = -a22[h ( t ) - l ]x2n  

The r e sponse  cu rves  a r e  c h a r a c t e r i z e d  by t h e  p r o p e r t i e s  of 

f u n c t i o n  h ( t ) ,  g ( t )  and  f ( t ) .  It can  b e  seen  from Equat ion (5Ob) 

t h a t  i f  a 2 2 <  0 ( r e a c t o r  decay c o n s t a n t  = A = - a 2 2 > 0 )  and  

h ( t )  < 1, t h e  r e sponse  x2n w i l l  dec rease  w i t h  t i m e ,  so does  t h e  

r e s p o n s e  of Xln. Thus, t h e  s u f f i c i e n t  c o n d i t i o n s  for t he  weight-  

i n g  f u n c t i o n  p1 and p2 t o  have the  d e c r e a s i n g  r e sponses  a s  shown 

b 

b 

I i n  Appendix C a r e  



Conclusion 

Attempts are made to control the bilinear system in both 

the time and space domains. Two consecutive optimization pro- 

cedures are applied for achieving this purpose. The bang-bang 

control is used for selecting the reference variables and the 

optimum feedback control is employed to adjust the system to 

approximately follow the reference variables under arbitrary 

starting conditions and disturbances. 
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A p p e n d i x  A C o n d i t i o n  for c o n t i n u o u s  d e r i v a t i v e  o f  X 2  a t  T, 

By d e f i n i t i o n  of E q u a t i o n s  (13)  a n d  (17) 

thus, 
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Appendix B S o l u t i o n  of optimum c o n t r o l  l a w  

Equat ion  (35)  i s  used  here  for s o l v i n g  t h e  optimum c o n t r o l  

law for t h e  i n t e r v a l  0 < t < T i .  E l i m i n a t i n g  from Equa t ions  

(35e) and ( 3 5 c ) ,  one o b t a i n s  

a 

where 

S u b s t i t u t i n g  Equat ion  (Bl) i n t o  Equat ion (35a) g i v e s  

The f o l l o w i n g  e q u a t i o n  can be ob ta ined  by s u b s t i t u t i n g  t h e  above 

e q u a t i o n  i n t o  Equat ion  (35b) : 

where ’ a =1 A” 

A: 
n 

a E l i m i n a t i n g  h fn  and  x2n from Equat ions  ( 3 5 c ) ,  

w e  have  

(35d)  and  (B2) ,  

a S o l u t i o n s  for h2n and  x : ~  from Equat ions  (B3) and (B4) a re  

h2n = E,(t)coshru,a(c~-t)  + E2(t)s inhtu;(o- t )  ( B 5 )  
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(B11)  
I b b b b + F2 ( t ) [ M n s i n h n  ( a -t ) - N, c o sh, ( o - t ) ] ] 
t 

The  opt imum c o n t r o l  law f o r  t h e  i n t e r v a l  0 <t <T1 i s  o b t a i n e d  

b y  s e t t i n g  o = t i n  E q u a t i o n  (Bl) and ( B 5 )  

where a a  7 

n n  B (2-B;) - p 2  
a 

P 1  + an 

a 
Un = (Y-a22)  

t = a q u a n t i t y  c a r r i e d  as  parameter 

F rom E q u a t i o n  ( B 2 )  o n e  o b t a i n s  

X 2 n  a = 
1 

[El ( t ) [ Mzco shw: ( 0-  t ) - N:sinhu; ( o- t ) ] 
2";P; 

+ E 2 ( t ) [ M ; s i n h w n ( o - t )  a - NEcoshw:(o-t)]) 

where a 
a B: a a *n a 

Mn = (?'-a221 + $ P L + " ~ ) ~  N = - ( p i + a n )  
c; 

n 
' n  

The s i m i l a r  s o l u t i o n  f o r  t he  i n t e r v a l  T1,( a < T2 c a n  be 

o b t a i n e d  b y  c h a n g i n g  supe r sc r ip t s  from a t o  b a n d  a r b i t r a r y  

c o n s t a n t s  f r o m  E t o  F. 

(B9) 
h2n  b = F l ( t ) c o s h m n ( o - t )  b + F 2 ( t ) s i n h n ( o - t )  b 

b 1 b b b b 
J X l n  = - T ( F 1 ( t ) [ c u , s i n h w n ( ~ - t )  - B , c ~ ~ h w , ( a - t ) ]  

" n  

( B W  
b b b b + F2 ( t ) [*,eo shun (a- t  ) - Bns inhun  ( o-t ) ]] 



The a r b i t r a r y  c o n s t a n t  E l ( t )  i s  to be  d e t e r m i n e d  for o b t a i n i n g  

t h e  opt imum c o n t r o l  law. S u b s t i t u t i n g  E q u a t i o n  ( B 1 1 )  i n t o  

E q u a t i o n  ( A 7 )  l e a d s  to 

BY u s i n g  E q u a t i o n s  ( B 9 ) a n d  (29b)  a n d  s e t t i n g  t = T1 w e  have 

( B 1 4 )  
F i ( T i )  = - F 2 ( T i ) t a n h ~ ~ ~ ( T 2 - T l )  b 

S u b s t i t u t i n g  E q u a t i o n  (B11) i n t o  E q u a t i o n  ( 3 2 a )  a n d  l e t t i n g  

t = T1 g i v e s  

E l i m i n a t i n g  F1(T1) and F2(T1) from E q u a t i o n s  ( B 1 3 ) ,  (B14)  a n d  

( B 1 5 )  o n e  o b t a i n s  

w h e r e  Nntanhmn(Tz-T1) b ‘b + Mn b 

b n =  
Mntanhui(T,-T1 ) + N: 

The f o l l o w i n g  e q u a t i o n  i s  o b t a i n e d  by s u b s t i t u t i n g  E q u a t i o n  

(B8) i n t o  E q u a t i o n  (B16) 
a a  

E 1 ( t ) L n  + E 2 ( t ) G n  + 2anpnqn = 0 

where 
a 

‘n 

a Lun a a  b a G, = [mn ( ~ - a 2 2  >+ (Bn-Y-mnfI) I coshmn(Ti  -t ) 
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n c, 

J 

n 

Since the quantity x?,(t) is measurable, from Equation (B6) one 

obtains 

Solving El(t) from Equations ( B l 7 )  and (~18) and substituting 

into Equation (B12), we have the optimum control law I 

' The optimum control law f o r  the interval TI,< t < T2 can be 
obtained by the similar procedures. 
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Appendix C S u f f i c i e n t  c o n d i t i o n  f o r  d e c r e a s i n g  r e sponses  

The we igh t ing  f u n c t i o n s  p l y  p2 and p3 i n  Equat ion (19) i s  

r e l a t i v e .  

g e n e r a l i t y .  Thus 

One can assume t h a t  p3 i s  u n i t y  wi thou t  l o s i n g  any 

p3 = l > O  (c1) 
a and B, i n  Equat ions  (40), (42), (43) ‘ny n The q u a n t i t i e s  A n y  

and (44), r e s p e c t i v e l y ,  a r e  p o s i t i v e  f o r  a n u c l e a r  r e a c t o r .  Also  

t h e  q u a n t i t y  f3, g iven  by Equat ion  ( 4 4 )  i s  between z e r o  and u n i t y .  

Thus t h e  f u n c t i o n  of h ( t )  i n  Equation (51) w i l l  be l e s s  t h a n  

u n i t y  i f  

b 

(c2) 
Bn b + cuncothion(T2-t) b b > 0 

Because t h e  v a l u e  o f  cothcun(T2-t) b i s  l a r g e r  t h a n  u n i t y  and u n >  b 0 

w e  can w r i t e  

Bn b + b concothwn(T2-t) b >/ Bn b + cun b 

S u b s t i t u t i n g  t h e  v a l u e  o f  BE and cu: i n t o  t h e  above equa t ion  g i v e s  

T h e r e f o r e ,  Equat ion  ( (22 )  can be s a t i s f i e d  i f  

b b  b - B n )  > p2 % 0 

((26) b 
and P 1 > >  an 

T h i s  c o n d i t i o n s  a re  s u f f i c i e n t  f o r  the  we igh t ing  f u n c t i o n s  p l y  

and  P2 to have e n s u r e  t h e  dec reas ing  r e sponse  i n  t h e  i n t e r v a l  

TI.,( t \ (  T2. 

The s u f f i c i e n t  c o n d i t i o n  f o r  t h e  i n t e r v a l  O$ t\< T 1  can be 
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o b t a i n e d  a s  f o l l o w s .  

i n  Equat ion  ( 4 9 )  one o b t a i n s  

By u s i n g  t h e  d e f i n i t i o n  o f  C;, Hn and Gn 

(mnmaz2 b ) c o s h : ( T i - t ) + [  ( ~ ) ; ) ~ - ( y w , n )  b ( y - a Z 2 ) ] s i n ~ ~ ( T 1 - t )  

b a - 

[ (Y-a.22 )+(mnma22 b )TI 1 -mn c o s k n  a (Ti -t )+( y+xnO) ( y-aZ2 ) sinhu: (TI -t ) 
Bn 

(c7) 
With t h e  c o n d i t i o n s  i n  Equat ions  ( 4 6 )  and (C6) w e  have t h e  fo l low-  

i n g  approximat ions  

and  l e s s  t h a n  u n i t y ,  i . e .  
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